Introduction {#Sec1}
============

This article is the sequel of the work started in \[[@CR10]\], where we investigate the lack of expressivity of uniform random expressions. In our setting, we use the natural encoding of expressions as trees, which is a convenient way to manipulate them both in theory and in practice. In particular, it allows us to treat many different kinds of expressions at a general level (see Fig. [1](#Fig1){ref-type="fig"} below): regular expressions, arithmetic expressions, boolean formulas, LTL formulas, and so on.Fig. 1.Four expression trees and their associated formulas. From left to right: a logical formula, a regular expression, an LTL formula and a function.

For this representation, some problems are solved using a simple traversal of the tree: for instance, testing whether the language of a regular expression contains the empty word, or formally differentiating a function. Sometimes however, the tree is not the best way to encode the object it represents in the computer, and we transform it into an equivalent adequate structure; in the context of formal languages, a regular expression (encoded using a tree) is typically transformed into an automaton, using one of the many known algorithms such as the Thompson construction or the Glushkov automaton.

In our setting, we assume that one wants to estimate the efficiency of an algorithm, or a tool, whose inputs are expressions. The classical theoretical framework consists in analyzing the worst case complexity, but there is often some discrepancy between this measure of efficiency and what is observed in practice. A practical approach consists in using benchmarks to test the tool on real data. But in many contexts, having access to good benchmarks is quite difficult. An alternative to these two solutions is to consider the average complexity of the algorithm, which is sometimes amenable to a mathematical analysis, and which can be studied experimentally, provided we have a random generator at hand. Going that way, we have to choose a probability distribution on size-*n* inputs, which can be difficult: we would like to study a "realistic" probability distribution that is also mathematically tractable. When no specific random model is available, it is classical to consider the uniform distribution, where all size-*n* inputs are equally likely. In many frameworks, such as sorting algorithms, studying the uniform distribution yields useful insights on the behavior of the algorithm.

Following this idea, several works have been undertaken on uniform random expressions, in various contexts. Some are done at a general level: the expected height of a uniform random expression \[[@CR12]\] always grows in $\documentclass[12pt]{minimal}
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                \begin{document}$$\Theta (\sqrt{n})$$\end{document}$, if we identify common subexpressions then the expected size of the resulting acyclic graph \[[@CR7]\] is in $\documentclass[12pt]{minimal}
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                \begin{document}$$\Theta (\frac{n}{\sqrt{\log n}})$$\end{document}$, \... There are also more specific results on the expected size of the automaton built from a uniform random regular expression, using various algorithms \[[@CR4], [@CR14]\]. In another setting, the expected cost of the computation of the derivative of a random function was proved to be in $\documentclass[12pt]{minimal}
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                \begin{document}$$\Theta (n^{3/2})$$\end{document}$, both in time and space \[[@CR8]\]. There are also a lot of results on random boolean formulas, but the framework is a bit different (for a more detailed account on this topic, we refer the interested reader to Gardy's survey \[[@CR9]\]).

In \[[@CR10]\], we questioned the model of uniform random expressions. Let us illustrate the main result of \[[@CR10]\] on an example, regular expressions on the alphabet $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {L}_\mathcal {R}= a + b + \varepsilon + \begin{array}{c} \star \\ |\\ \mathcal {L}_\mathcal {R} \end{array} + \begin{array}{c} \bullet \\ /\backslash \\ \mathcal {L}_\mathcal {R}\ \mathcal {L}_\mathcal {R} \end{array} + \begin{array}{c} +\\ /\backslash \\ \mathcal {L}_\mathcal {R}\ \mathcal {L}_\mathcal {R} \end{array}.\qquad \qquad \qquad \qquad {(\star )} \end{aligned}$$\end{document}$$The formula above is an equation on trees, where the size of a tree is its number of nodes. In particular *a*, *b* and $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon $$\end{document}$ represent trees of size 1, reduced to a leaf, labeled accordingly. As one can see from the specification ($\documentclass[12pt]{minimal}
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                \begin{document}$$\{a,b\}^\star $$\end{document}$ of all possible words. This language is absorbing for the union operation on regular languages. So if we start with a regular expression $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {R}}$$\end{document}$ (a tree), identify every occurrence of the pattern $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {P}}$$\end{document}$ (a subtree), then rewrite the tree (bottom-up) by using inductively the simplifications $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{array}{c} +\\ /\backslash \\ {\mathcal {P}}\ \mathcal {X} \end{array}\rightarrow {\mathcal {P}}$$\end{document}$, this results in a *simplified tree* $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ({\mathcal {R}})$$\end{document}$ that denotes the same regular language. Of course, other simplifications could be considered, but we focus on this particular one. The theorem we proved in \[[@CR10]\] implies that if one takes uniformly at random a regular expression of size *n* and applies this simplification algorithm, then the expected size of the resulting equivalent expression tends to a constant! It means that the uniform distribution on regular expressions produces a degenerated distribution on regular languages. More generally, we proved that: *For every class of expressions that admits a specification similar to Eq.* ($\documentclass[12pt]{minimal}
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                \begin{document}$$\star $$\end{document}$) *and such that there is an absorbing pattern for some of the operations, the expected size of the simplification of a uniform random expression of size n tends to a constant as n tends to infinity*.[1](#Fn1){ref-type="fn"} This negative result is quite general, as most examples of expressions have an absorbing pattern: for instance $\documentclass[12pt]{minimal}
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The statement of the main theorem of \[[@CR10]\] is general, as it can be used to discard the uniform distribution for expressions defined inductively as in Eq. ($\documentclass[12pt]{minimal}
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                \begin{document}$$\star $$\end{document}$). However it is limited to that kind of simple specifications. And if we take a closer look at the regular expressions from $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {L}_\mathcal {R}$$\end{document}$, we observe that nothing prevents, for instance, useless sequences of nested stars as in $\documentclass[12pt]{minimal}
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                \begin{document}$$(((a+bb)^\star )^\star )^\star $$\end{document}$. It is natural to wonder whether the result of \[[@CR10]\] still holds when we forbid two consecutive stars in the specification. We could also use the associativity of the union to prevent different representations of the same language, as depicted in Fig. [2](#Fig2){ref-type="fig"}, or many other properties, to try to reduce the redundancy at the combinatorial level.Fig. 2.Three regular expression trees whose denoted languages are equal because of the associativity of the union.

This is the question we investigate in this article: does the degeneracy phenomenon of \[[@CR10]\] still hold for more advanced combinatorial specifications? More precisely, we now consider specifications made using a system of (inductive) combinatorial equations, instead of only one as in Eq. ($\documentclass[12pt]{minimal}
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                \begin{document}$$\star $$\end{document}$). For instance, we can forbid consecutive stars using the combinatorial system:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \mathcal {L}_\mathcal {R}= \begin{array}{c} \star \\ |\\ \mathcal {S} \end{array} + \mathcal {S},\\ \mathcal {S} = a+b+\varepsilon +\begin{array}{c} +\\ /\backslash \\ \mathcal {L}_\mathcal {R}\ \mathcal {L}_\mathcal {R} \end{array}+\begin{array}{c} \bullet \\ /\backslash \\ \mathcal {L}_\mathcal {R}\ \mathcal {L}_\mathcal {R} \end{array}. \end{array}\right. }\qquad \qquad \qquad \qquad {(\star \star )} \end{aligned}$$\end{document}$$The associativity of the union (Fig. [2](#Fig2){ref-type="fig"}) can be taken into account by preventing the right child of any $\documentclass[12pt]{minimal}
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                \begin{document}$$+$$\end{document}$. Clearly, systems cannot be used for forbidding intricated patterns, but they still greatly enrich the families of expressions we can deal with. Moreover that kind of systems, which has strong similarities with context-free grammars, is amenable to analytic techniques as we will see in the sequel; this was for instance used by Lee and Shallit to estimate the number of regular languages in \[[@CR11]\].

Our contributions can be described as follows. We consider expressions defined by systems of combinatorial equations (instead of just one equation), and establish a similar degeneracy result: if there is an absorbing pattern, then the expected reduced size of a uniform random expression of size *n* is upper bounded by a constant as *n* tends to infinity.[2](#Fn2){ref-type="fn"} Hence, even if we use the system to remove redundancy from the specification (e.g., by forbidding consecutive stars), uniform random expressions still lack expressivity. Technically, we once again rely on the framework of analytic combinatorics for our proofs. However, the generalization to systems induces two main difficulties. First, we are not dealing with the well-known *varieties of simple trees* anymore \[[@CR6], VII.3\], so we have to rely on much more advanced techniques of analytic combinatorics; this is sketched in Sect. [5](#Sec10){ref-type="sec"}. Second, some work is required on the specification itself, to identify suitable hypotheses for our theorem; for instance, it is easy from the specification to prevent the absorbing pattern from appearing as a subtree at all, in which case our statement does not hold anymore, since there are no simplifications taking place.

Due to the lack of space, the analytic proofs are only sketched or omitted in this extended abstract: we chose to focus on the discussion on combinatorial systems (Sect. [3](#Sec3){ref-type="sec"}) and on the presentation of our framework (Sect. [4](#Sec7){ref-type="sec"}).

Basic Definitions {#Sec2}
=================

For a given positive integer *n*, $\documentclass[12pt]{minimal}
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                \begin{document}$$[n]=\{1,\ldots ,n\}$$\end{document}$ denotes the set of the first *n* positive integers. If *E* is a finite set, \|*E*\| denotes its cardinality.

A *combinatorial class* is a set $\documentclass[12pt]{minimal}
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In the sequel, the combinatorial objects we study are trees, and we will have methods to compute the generating series directly from their specifications. Then, powerful theorems from analytic combinatorics will be used to estimate the expectation, using Eq. ([1](#Equ1){ref-type=""}). So we delay the automatic construction and the analytic treatment to their respective sections.

Combinatorial Systems of Trees {#Sec3}
==============================

Definition of Combinatorial Expressions and of Systems {#Sec4}
------------------------------------------------------

In the sequel the only combinatorial objects we consider are *plane trees*. These are trees embedded in the plane, which means that the order of the children matters: the two trees $\documentclass[12pt]{minimal}
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More formally, let *S* be a finite set, whose elements are *operator symbols*, and let *a* be a mapping from *S* to $\documentclass[12pt]{minimal}
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### Example 1 {#FPar1}
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If *T* is an incomplete expression over *S* of arity *t*, and $\documentclass[12pt]{minimal}
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### Example 2 {#FPar2}
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Generating Series {#Sec5}
-----------------

If the system is not ambiguous, that is, if $\documentclass[12pt]{minimal}
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Designing Practical Combinatorial Systems of Trees {#Sec6}
--------------------------------------------------

Systems of trees such as Eq. ([2](#Equ2){ref-type=""}) are not always well-founded. Sometimes they are, but still contain unnecessary equations. It is not the topic of this article to fully characterize when a system is correct, but we nonetheless need sufficient conditions to ensure that our results hold: in this section, we just present examples to underline some bad properties that might happen. For a more detailed account on combinatorial systems, the reader is referred to \[[@CR1], [@CR8], [@CR16]\].

*Ambiguity.* As mentioned above, the system can be ambiguous, in which case the combinatorial system cannot directly be translated into a system of generating series. This is a case for instance for the following system$$\documentclass[12pt]{minimal}
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*Empty Components.* Some specifications produce empty $\documentclass[12pt]{minimal}
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Settings, Working Hypothesis and Simplifications {#Sec7}
================================================

Framework {#Sec8}
---------

In this section, we describe our framework: we specify the kind of systems we are going to work with, and the settings for describing syntactic simplifications.
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### Example 3 {#FPar3}
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-----------------------------------
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### Lemma 1 {#FPar5}
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Main Result {#Sec10}
===========

Our main result establishes the degeneracy of uniform random expressions when there is an absorbing pattern, in our framework:

Theorem 1 {#FPar6}
---------
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Proposition 2 {#FPar7}
-------------
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At this point, we can differentiate the whole equality with respect to *u* and set $\documentclass[12pt]{minimal}
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Proposition 3 {#FPar8}
-------------
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So we switch to the analysis of the right hand term in the inequality of Proposition [3](#FPar8){ref-type="sec"}. Despite its expression, it is easier to study its dominant singularities, and we do so by examining the spectrum of the matrix $\documentclass[12pt]{minimal}
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Proposition 4 {#FPar9}
-------------
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Conclusion and Discussion {#Sec11}
=========================

To summarize our contributions in one sentence, we proved in this article that even if we use systems to specify them, uniform random expressions lack expressivity as they are drastically simplified as soon as there is an absorbing pattern. This confirms and extends our previous result \[[@CR10]\], which holds for much more simple specifications only. It questions the relevance of uniform distributions in this context, both for experiments and for theoretical analysis.

Roughly speaking, the intuition behind the surprising power of this simple simplifications is that, on the one hand the absorbing pattern appears a linear number of times, while on the other, the shape of uniform trees facilitates the pruning of huge chunks of the expression.

Mathematically speaking, Theorem [1](#FPar6){ref-type="sec"} is not a generalization of the main result of \[[@CR10]\]: we proved that the expectation is bounded (and not that it tends to a constant), and we only allowed finitely many rules. Obtaining that the expectation tends to a constant is doable, but technically more difficult; we do not think it is worth the effort, as our result already proves the degeneracy of the distribution. Using infinitely many rules is probably possible, under some analytic conditions, and there are other hypotheses that may be weakened: it is not difficult for instance to ask that the dependency graph has one large strongly connected component (all others having size one)[7](#Fn7){ref-type="fn"}, periodicity is also manageable, \... All of these generalizations introduce technical difficulties in the analysis, but we think that in most natural cases, unless we explicitly design the specification to prevent the simplifications from happening sufficiently often, the uniform distribution is degenerated when interpreting the expression: this phenomenon can be considered as inherent in this framework.

In our opinion, instead of generalizing the kind of specification even more, the natural continuation of this work is to investigate non-uniform distributions. The first candidate that comes in mind is what is called BST-like distributions, where the size of the children are distributed as in a binary search tree: that kind of distribution is really used to test algorithms, and it is probably mathematically tractable \[[@CR15]\], even if it implies dealing with systems of differential equations.

The idea behind our work comes from a very specific analysis of and/or formulas established in Nguyên Thê PhD's dissertation \[[@CR13], Ch 4.4\].

The result holds for natural yet technical conditions on the system.

We do not use the term *degree*, because if the tree is viewed as a graph, the degree of a node is its arity plus one (except for the root).

In all generalities, there can be several solutions to a system, but the conditions we will add prevent this from happening.

Observe that the iterated system is not strongly connected anymore. It also yields two ways of defining the set of expressions using only one equation: it is very specific to this example, no such property holds in general.

In fact this is the size of a less effective variation of the simplification algorithm, which is ok for our proof as we are looking for an upper bound.

The general case with no constraint on the dependency graph can be really intricate, starting with the asymptotics that may behave differently \[[@CR2]\].
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